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X�e�n�� - M�a�t�h�� A
P�r�o�p�o�s�i�t�i�o�n� �d�e �c�o�r�r�i�g�é

Taoufiki said

P�a�r�t�i�e I : B�a�s�e�� �s�y�m�p�l�e�c�t�i�q�u�e��

1. S�o�i�t B = (e1, ..., en) �u�n�e �b�a�s�e �d�e E. P�o�u�r� i = 1, ..., n , �o�n� �d�é�f�i�n�i�t e∗i ∈ E∗, �p�a�r� :

e∗i (ej) = δi,j , j = 1, ..., n

• S�i�
n∑
i=1

αie
∗
i = 0 �a�l�o�r�� ∀j , αj =

n∑
i=1

αie
∗
i (ej) = 0.

• S�o�i�t f ∈ E∗. P�o�u�r� �c�h�a�q�u�e x =

n∑
i=1

xiei, �o�n� �a� : ∀j , e∗j (x) = xj

�d�o�n�c f(x) =

n∑
i=1

xif(ei) =

n∑
i=1

f(ei)e
∗
i (x), �d�'�o�ù� f =

n∑
i=1

f(ei)e
∗
i .

C/C : (e∗1, ..., e
∗
n) �e�s�t �u�n�e �b�a�s�e �d�e E∗ =⇒ dimE∗ = n.

2. S�o�i�t ω ∈ A(E). O�n� �a� : ∀(x, y) ∈ E2 , ω(x, y) = −ω(y, x)

S�i� x = y, �o�n� �é�c�r�i�t : ω(x, x) = −ω(x, x) �d�o�n�c ω(x, x) = 0, �q�u�e�l�q�u�e �s�o�i�t x ∈ E.

3. (�a�) • O�n� �a� : ω(x, y) = ω

 n∑
i=1

xibi,

n∑
j=1

yjbj

 =
∑

1≤i,j≤n

xiyjω(bi, bj), �d�o�n�c

ω(x, y) =
(
x1 · · · xn

)
(ω(bi, bj))1≤i,j≤n


y1

...
yn



L�a� �m�a�t�r�i�c�e M = (ω(bi, bj))1≤i,j≤n �c�o�n�v�i�e�n�t.
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• S�u�p�p�o�s�o�n�� �q�u�'�i�l �e�x�i�s�t�e �u�n�e �a�u�t�r�e �m�a�t�r�i�c�e N �v�é�r�i�f�i�a�n�t �l�a� �p�r�o�p�r�i�é�t�é.
Á �c�h�a�q�u�e �c�o�u�p�l�e (X,Y ) ∈ Rn , �o�n� �a�s�s�o�c�i�e (x, y) ∈ E2 �t�e�l �q�u�e

X = MatB(x) �e�t Y = MatB(y)

O�n� �a� tXNY = ω(x, y) =t XMY �d�o�n�c tX(M − N)Y = 0, �c�e�c�i� �p�o�u�r� �t�o�u�t
X,Y

�d�o�n�c ∀Y , (M − N)Y ∈ (Rn)⊥ = {0} ( ./. �a�u� �p�r�o�d�u�i�t �s�c�a�l�a�i�r�e �c�a�n�o�n�i�q�u�e ),
�p�u�i�� M −N = 0.

(�b) L�a� �v�e�r�s�i�o�n� �m�a�t�r�i�c�i�e�l�l�e �d�e �l��a�n�t�i�s�y�m�é�t�r�i�e ��'�é�c�r�i�t :

∀(X,Y ) ∈ (Rn)2 , tXMY = −tYMX

C�o�m�m�e tXMY ∈M1(R) �a�l�o�r�� t(tXMY ) =t XMY , �d�o�n�c :
∀(X,Y ) ∈ (Rn)2 , tY.tM.X = −tYMX , �d�'�o�ù� tM = −M .

(�c) I�c�i� dim(E) = 2. S�o�i�t M =

 a b

c d

 = MatB(ω). O�n� �a� : b = −c �c�a�r� M = −tM

�e�t a = d = 0 �c�a�r� ω(b1, b1) = ω(b2, b2) �d�o�n�c M = cJ2.
O�n� �v�é�r�i�f�i�e �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� ϕ : A(E)→M2(R) , ω 7→MatB(ω) ( B�i�e�n� �d�é�f�i�-
�n�i�e �p�a�r� QI.3.a. ) �e�s�t �l�i�n�é�a�i�r�e ( �f�a�c�i�l�e ) �e�t �i�n�j�e�c�t�i�v�e ( ϕ(ω) = 0 ⇒ ω(b1, b2) = 0

)
�c�o�m�m�e Im(ϕ) = vect(J2) �a�l�o�r�� dimA(E) = rg(ϕ) = 1.

(�d�) (E1) ⇒ (E2) :
O�n� �a� : ϕω �e�s�t �i�n�j�e�c�t�i�v�e, �d�o�n�c �p�o�u�r� x 6= 0 , �o�n� �a� : ω(x, 0) 6= 0, �d�o�n�c �i�l
�e�x�i�s�t�e y ∈ E , ω(x, y) 6= 0.
(E2) ⇒ (E3)

S�o�i�t X =


x1

...
xn

 ∈ Rn �t�e�l �q�u�e MX = 0. O�n� �é�c�r�i�t :

0 =t (MX) =t XtM = −tXM , �d�o�n�c ∀Y ∈ Rn , tXMY = 0.
S�i� X 6= 0 �a�l�o�r�� x =

n∑
i=1

xibi 6= 0,d�o�n�c �i�l �e�x�i�s�t�e y =

n∑
i=1

yibi , ω(x, y) 6= 0 �c.à�.d�.

tXMY 6= 0 �a�v�e�c Y =


y1

...
yn

, �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e.
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O�n� �e�n� �d�é�d�u�i�t �q�u�e ∀X , MX = 0 =⇒ X = 0 �i�.e. M �e�s�t �i�n�v�e�r�s�i�b�l�e.
(E3) ⇒ (E1)
O�n� �a� ϕω ∈ L(E,E∗) �e�t dim(E) = dim(E∗), �i�l �s�u�f�f�i�t �d�e �m�o�n�t�r�e�r� �q�u�e ϕω

�e�s�t �i�n�j�e�c�t�i�v�e :
S�o�i�t x ∈ E �t�e�l �q�u�e ϕω(x) = 0. O�n� �a� : ∀y ∈ E , ω(x, y) = 0, �m�a�t�r�i�c�i�e�l�l�e�m�e�n�t,
∀Y ∈ Rn , tXMY = 0 .
�d�o�n�c −t(MX) =t (−MX) =t (tMX) =t XM ∈ (Rn)⊥ = {0} �p�u�i�� MX = 0, �c�e
�q�u�i� �i�m�p�l�i�q�u�e X = 0 �c�a�r� M �i�n�v�e�r�s�i�b�l�e, �p�u�i�� x = 0.

4. S�u�p�p�o�s�o�n�� �l��e�x�i�s�t�e�n�c�e �d�'�u�n�e �f�o�r�m�e �s�y�m�p�l�e�c�t�i�q�u�e ω �s�u�r� E �e�t �c�o�n�s�i�d�é�r�o�n�� �u�n�e
�b�a�s�e B �d�e E �e�t M = MatB(ω).
O�n� �a� : tM = −M ( Q3b ), �d�o�n�c det(M) = det(tM) = det(−M) = (−1)n det(M)

�d�o�n�c (1 + (−1)n+1) det(M) = 0, �c�o�m�m�e M ∈ GLn(R) ( Q3d : E1 =⇒ E3 ) �a�l�o�r�� n

�e�s�t �p�a�i�r�.
5. O�n� �p�o�s�e : n = 2p. O�b�s�e�r�v�o�n�� �q�u�e Jn �e�s�t �i�n�v�e�r�s�i�b�l�e, �e�n� �e�f�f�e�t

det(Jn) =

∣∣∣∣∣∣ O −Ip
Ip O

∣∣∣∣∣∣ = (−1)p

∣∣∣∣∣∣ −Ip 0

0 Ip

∣∣∣∣∣∣ = (−1)2p = 1 6= 0 (∀i = 1, ..., p , Ci ↔ Ci+p),

�e�t �a�n�t�i�s�y�m�é�t�r�i�q�u�e �c�a�r� Jn = −tJn.
ω0 �e�s�t �c�l�a�i�r�e�m�e�n�t �b�i�l�i�n�é�a�i�r�e �e�t �p�o�u�r� �d�e�u�x �v�e�c�t�e�u�r�� �a�r�b�i�t�r�a�i�r�e�� X �e�t Y , �o�n� �a� :
−ω0(X,Y ) = −tXJnY =t X(−Jn)Y =t X(tJn)Y =t (tX(tJn)Y ) =t Y JnX = ω0(Y,X)

S�o�i�t B = (e1, ..., e2p) �l�a� �b�a�s�e �c�a�n�o�n�i�q�u�e �d�e Rn. P�o�u�r� (i, j) ∈ {1, ..., 2p}2, �o�n� �a� :

ω0(ei, ej) =t eiJnej =


−δi+p,j �s�i� i = 1, ..., p

δi−p,j �s�i� i = p+ 1, ..., 2p

�d�'�o�ù� MatB(ω0) = Jn �q�u�i� �e�s�t �i�n�v�e�r�s�i�b�l�e, �d�'�o�ù� ω0 �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e ( Q.3.d ).
6. S�o�i�t x ∈ E \ {0}. P�a�r� Q.3.d., �i�l �e�x�i�s�t�e y ∈ E �t�e�l �q�u�e ω(x, y) 6= 0.

O�n� �p�o�s�e b1 = x , b2 = −1
ω(x,y)y. O�n� �a� :

ω(b1, b2) = −1 = −ω(b2, b1) �e�t ω(b1, b1) = ω(b2, b2) = 0 (Q.2.)

M�o�n�t�r�o�n�� �q�u�e (b1, b2) �e�s�t �u�n�e �b�a�s�e �d�e E : S�i� (t, s) ∈ R2 �t�e�l �q�u�e : sb1 + tb2 = 0

�a�l�o�r�� 0 = ω(sb1 + tb2, b1) = t, �d�o�n�c sb1 = 0 �p�u�i�� s = 0.
L�a� �f�a�m�i�l�l�e �e�s�t �l�i�b�r�e, �p�a�r� �r�a�i�s�o�n� �d�e �d�i�m�e�n�s�i�o�n�, �e�l�l�e �e�s�t �b�a�s�e �d�e E. B�i�e�n� �s�û�r�,
�o�n� �a� : Mat(b1,b2)(ω) = J2.
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7. (�a�) S�o�i�e�n�t u ∈ F ∗ �e�t G �u�n� �s�u�p�p�l�é�m�e�n�t�a�i�r�e �d�e F �d�a�n�� E. O�n� �p�r�o�l�o�n�g�e u �e�n�
�u�n�e �a�p�p�l�i�c�a�t�i�o�n� �l�i�n�é�a�i�r�e ũ : E → R �q�u�i� �e�s�t �n�u�l�l�e �s�u�r� G.
P�o�u�r� �v�é�r�i�f�i�e�r� �l�a� �l�i�n�é�a�r�i�t�é, �o�n� �p�r�e�n�d� �d�e�u�x �v�e�c�t�e�u�r�� �q�u�e�l�c�o�n�q�u�e�� �d�e E :
x = xF + xG , y = yF + yG �e�t a ∈ R, �o�n� �a� :

ũ(ax+y) = ũ(axF+yF )+ũ(axG+yG) = au(xF )+u(yF ) = a(u(xF )+u(xG))+u(yF )+u(yG) = aũ(x)+ũ(y)

(�b) O�n� �p�o�s�e : ω = ωF×F .
• O�n� �a� : ω ∈ A(E) �d�o�n�c ω ∈ A(F ).
• O�n� �a� :

Ker(ϕω) = {x ∈ F | ω(x, .) = 0}

= {x ∈ F | ∀y ∈ F , ω(x, y) = 0}

= {x ∈ F | ∀y ∈ F , ω(x, y) = 0}

= F ∩ Fω

P�u�i�s�q�u�e dim(F ) <∞ �a�l�o�r��

ω �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e ⇐⇒ ϕω �e�s�t �i�n�j�e�c�t�i�v�e
⇐⇒ F ∩ Fω = {0}

(�c) • S�o�i�t x ∈ E. O�n� �a� :

x ∈ KerψF ⇐⇒ ϕω(x)/F = 0

⇐⇒ ω(x, .)/F = 0

⇐⇒ ∀y ∈ F , ω(x, y) = 0

⇐⇒ x ∈ Fω

�d�'�o�ù� KerψF = Fω.
• P�o�u�r� �t�o�u�t x ∈ E , ψF (x) = ϕω(x)/F ∈ F ∗ �d�o�n�c ImψF ⊂ F ∗.
R�é�c�i�p�r�o�q�u�e�m�e�n�t, �s�i� u ∈ F ∗, �a�l�o�r�� �i�l �e�x�i�s�t�e ũ ∈ E∗ �v�é�r�i�f�i�a�n�t :

ũ/F = u (Q7a)

�c�o�m�m�e ω �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e, �a�l�o�r�� ϕω �e�s�t �s�u�r�j�e�c�t�i�v�e, �d�o�n�c, �i�l �e�x�i�s�t�e x ∈ E

�t�e�l �q�u�e ũ = ϕω(x), �p�u�i�� u = ũ/F = (ϕω(x))/F = (ψω)/F (x) ∈ ImψF .
O�n� �e�n� �c�o�n�c�l�u�t �q�u�e : ImψF = F ∗.
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(�d�) E�n� �u�t�i�l�i�s�a�n�t �l�a� �f�o�r�m�u�l�e �d�u� �r�a�n�g �e�t �l�e�� �q�u�e�s�t�i�o�n�� Q7c �e�t Q1, �o�n� �é�c�r�i�t :

dimE = dimImψF + dimKerψF

= dimF ∗ + dimFω

= dimF + dimFω

(�e) • S�u�p�p�o�s�o�n�� �q�u�e ω/F×F �e�s�t �u�n�e �f�o�r�m�e �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� F , �d�o�n�c, �p�a�r�
Q7b, �o�n� �a� : F ∩Fω = {0}. L�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e �n�o�u�� �p�e�r�m�e�t �d�e �c�o�n�c�l�u�r�e
�l�a� �d�é�c�o�m�p�o�s�i�t�i�o�n� : E = Fω ⊕ F .
• O�n� �p�o�s�e : G = Fω. L�e �m�ê�m�e �r�a�i�s�o�n�n�e�m�e�n�t �p�r�é�c�é�d�e�n�t �e�n�t�r�a�î�n�e �q�u�e :

dimE = dimG+ dimGω

M�o�n�t�r�o�n�� �q�u�e Gω = F :
S�o�i�t x ∈ F . O�n� �a� : ∀y ∈ G = Fω , ω(x, y) = −ω(y, x) = 0, �d�o�n�c x ∈ Gω.
D'�o�ù� F ⊂ Gω. D'�a�u�t�r�e �p�a�r�t, �l�a� �f�o�r�m�u�l�e �d�u� �r�a�n�g �d�o�n�n�e :

dimF = dimE − dimFω = dimE − dimG = dimGω

�d�'�o�ù� �l��é�g�a�l�i�t�é F = Gω , �p�u�i�� G⊕Gω = E = F ⊕ Fω.
P�a�r� �s�u�i�t�e ω/G×G �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �c�a�r� G ∩Gω = {0} ( �d�'�a�p�r�è�� Q7b ).

8. S�o�i�t n = 2p , p ∈ N∗.
• L�e �c�a�� p = 1 �n�'�e�s�t �q�u�e Q6.
• P(p)⇒ P(p+ 1) :

S�o�i�t E �u�n� R−�e�v �d�e �d�i�m�e�n�s�i�o�n� 2p+ 2. D�e �l�a� �m�ê�m�e �f�a�ç�o�n� �v�u�e �e�n� Q6, �o�n� �m�o�n�t�r�e
�q�u�'�i�l �e�x�i�s�t�e B̃1 = (b1, b2) ∈ E2, �u�n�e �f�a�m�i�l�l�e �l�i�b�r�e �t�e�l�l�e �q�u�e :

ω(b1, b1) = ω(b2, b2) = 0 , ω(b2, b1) = −ω(b1, b2) = 1

O�n� �p�o�s�e F = vect(b1, b2) �e�t ω̃ = ω/F . M�o�n�t�r�o�n�� �q�u�e : ω̃ �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r�
F :
O�n� �a� : ω̃ ∈ A(F ) �c�a�r� ω ∈ A(E). I�l �r�e�s�t�e �à� �v�é�r�i�f�i�e�r� �q�u�e ϕω̃ : F → F ∗ �e�s�t �u�n�
�i�s�o�m�o�r�p�h�i�s�m�e.
S�o�i�t x ∈ Kerϕω̃. O�n� �p�o�s�e x = αb1 + βb2 :
∀y ∈ F , ω̃(x, y) = 0, �d�o�n�c α = ω̃(x, b1) = 0 = ω̃(x, b2) = β �d�o�n�c x = 0.
L'�i�n�j�e�c�t�i�v�i�t�é �e�t �l��é�g�a�l�i�t�é �d�e �d�i�m�e�n�s�i�o�n�� dimF = dimF ∗ �e�n�t�r�a�î�n�e�n�t �q�u�e ϕω̃ �e�s�t �u�n�
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�i�s�o�m�o�r�p�h�i�s�m�e �p�u�i�� �q�u�e ω̃ �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� F .
D'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� Q7e , �o�n� �a� : ω/Fω×Fω �e�s�t �u�n�e �f�o�r�m�e �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r�
Fω �e�t F ⊕ Fω = E.
P�a�r� �h�y�p�o�t�h�è�s�e �d�e �r�é�c�u�r�r�e�n�c�e, �i�l �e�x�i�s�t�e �u�n�e �b�a�s�e B̃2 �d�e Fω �t�e�l�l�e �q�u�e :

Mat
B̃2

(ωFω×Fω ) = diag(J2, ..., J2) ∈M2p(R)

O�n� �p�o�s�e : B̃ = B̃1 ∪ B̃2. O�n� �a� :

MatB̃(ω) = diag(J2, ..., J2) ∈M2p+2(R)

�c�a�r� �p�o�u�r� �t�o�u�t x ∈ F �e�t �t�o�u�t y ∈ Fω , ω(x, y) = 0 = ω(y, x).
9. S�o�i�t B̃ = (e1, ..., e2p) �u�n�e �b�a�s�e �d�e E �t�e�l�l�e �q�u�e MatB̃(ω) = diag(J2, ..., J2).

P�o�u�r� i = 1, ..., p, �o�n� �a� : ω(e2i−1, e2i) = −1 = −ω(e2i, e2i−1)

�e�t �p�o�u�r� |i− j| 6= 1, �o�n� �a� : ω(ei, ej) = 0.
O�n� �p�o�s�e : B = (−e2,−e4, ...,−e2p, e1, e3, ..., e2i−1). O�n� �a� �b�i�e�n� MatB(ω) = Jn.
S�o�i�t J ∈ L(E) �t�e�l �q�u�e MatB(J) = −Jn.
O�n� �a� : (−Jn)2 = −In �d�o�n�c J2 = −Id.
E�t �p�o�u�r� x ∈ E \ {0} , X = MatB(x) �e�t Y = MatB(J(x)) = −JnX , �o�n� �a� :

ω(x, J(x)) =t X.Jn.(−Jn.X) =t X.X =

n∑
i=1

x2i > 0 �o�ù� (x1, ..., xn) =t X

O�n� �e�n� �d�é�d�u�i�t �q�u�e ω �d�o�m�p�t�e �a�u� �m�o�i�n�� �u�n�e �s�t�r�u�c�t�u�r�e �c�o�m�p�l�e�x�e �s�u�r� E.

P�a�r�t�i�e II : D�e�u�x �o�u�t�i�l�� �s�u�r� �l�e�� �p�o�l�y�n�ô�m�e��

10. L�a� �l�i�n�é�a�r�i�t�é �d�e LP,Q �e�s�t �t�r�i�v�i�a�l�e, �d�o�n�c �p�a�r� �r�a�i�s�o�n� �d�e �d�i�m�e�n�s�i�o�n�, �o�n� �a� :

LP,Q �e�s�t �u�n� �i�s�o�m�o�r�p�h�i�s�m�e ⇐⇒ LP,Q �e�s�t �s�u�r�j�e�c�t�i�v�e
⇐⇒ LP,Q �e�s�t �i�n�j�e�c�t�i�v�e

S�o�i�t D = P ∧Q.
• S�i� deg(D) ≥ 1, �o�n� �é�c�r�i�t : P = P1D , Q = Q1D �a�v�e�c (P1, Q1) ∈ Rp−1[X]×Rq−1[X]

�d�e�u�x �p�o�l�y�n�ô�m�e�� �n�o�n� �n�u�l��. O�n� �a� : LP,Q(Q1, P1) = Q1P−P1Q = Q1P1Q−P1Q1D = 0
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�d�o�n�c KerLP,Q 6= {0} �p�u�i�� LP,Q �n�'�e�s�t �p�a�� �u�n� �i�s�o�m�o�r�p�h�i�s�m�e.
• S�i� D = 1, �a�l�o�r�� �i�l �e�x�i�s�t�e (A,B) ∈ R[X]2 �t�e�l �q�u�e AP +BQ = 1. M�o�n�t�r�o�n�� �l�a�
�s�u�r�j�e�c�t�i�v�i�t�é �d�e LP,Q :
S�o�i�t T ∈ Rp+q−1. É�c�r�i�v�o�n�� �l�e�� �d�i�v�i�s�i�o�n�� �e�u�c�l�i�d�i�e�n�n�e�� :

TA = RQ+ Ṽ �a�v�e�c deg(Ṽ ) ≤ q − 1

TB = SP + W̃ �a�v�e�c deg(W̃ ) ≤ p− 1

O�n� �a� : T = T (AP +BQ) = Ṽ P + W̃Q+ (R+ S)QP , �s�i� R+ S 6= 0 �a�l�o�r�� deg(T ) =

deg((R + S)PQ) ≥ p + q > deg(T ), �c�e �q�u�i� �e�s�t �i�m�p�o�s�s�i�b�l�e, �d�o�n�c R + S = 0 �e�t �p�a�r�
�s�u�i�t�e : T = Ṽ P + W̃Q = LP,Q(Ṽ , W̃ ).

11. O�n� �v�é�r�i�f�i�e �d�'�a�b�o�r�d� �q�u�e

�l�e�� �r�a�c�i�n�e�� �d�e P �s�o�n�t �s�i�m�p�l�e�� �s�i�, �e�t �s�e�u�l�e�m�e�n�t �s�i� P ∧ P ′ = 1

O�n� �p�o�s�e D = P ∧ P ′.
• S�i� deg(D) ≥ 1 �d�o�n�c �i�l �e�x�i�s�t�e λ ∈ C �t�e�l �q�u�e D(λ) = 0 ( T�h�é�o�r�è�m�e �d�e D'A�l�e�m�b�e�r�t
), �e�n� �p�a�r�t�i�c�u�l�i�e�r� (X − λ) �d�i�v�i�s�e P �e�t P ′ �p�a�r� �t�r�a�n�s�i�t�i�v�i�t�é, �c�e �q�u�i� �s�i�g�n�i�f�i�e �q�u�e P
�a�d�m�e�t λ �p�o�u�r� �r�a�c�i�n�e �m�u�l�t�i�p�l�e.
• S�i� D = 1, �o�n� �é�c�r�i�t �l��i�d�e�n�t�i�t�é �d�e B�e�z�o�u�t : UP +V P ′ = 1. S�i� P �a�d�m�e�t �u�n� �r�a�c�i�n�e
�m�u�l�t�i�p�l�e λ ∈ C, �o�n� �a�u�r�a� :

0 = U(λ)P (λ) + V (λ)P ′(λ) = 1

C�e �q�u�i� �e�s�t �a�b�s�u�r�d�e, �d�o�n�c �l�e�� �r�a�c�i�n�e�� �c�o�m�p�l�e�x�e�� �d�e P �s�o�n�t �t�o�u�t�e�� �s�i�m�p�l�e��.
O�n� �c�o�n�s�i�d�è�r�e �l��a�p�p�l�i�c�a�t�i�o�n�

r : Rd[X] → R

P 7→ det(LP,P ′)

O�n� �a� �b�i�e�n� r(P ) 6= 0 �i�m�p�l�i�q�u�e �q�u�e LP,P ′ �e�s�t �u�n� �i�s�o�m�o�r�p�h�i�s�m�e �p�u�i�� P ∧ P ′ = 1

�q�u�i� �e�n�t�r�a�î�n�e �q�u�e �l�e�� �r�a�c�i�n�e�� �d�e P �s�o�n�t �s�i�m�p�l�e��.
12. P�o�s�o�n�� Z = {x ∈ Rd | f(x) = 0} �e�t �m�o�n�t�r�o�n�� �p�a�r� �l��a�b�s�u�r�d�e �q�u�e �l��i�n�t�é�r�i�e�u�r� �d�e

Z �e�s�t �v�i�d�e. S�u�p�p�o�s�o�n�� �q�u�'�i�l �e�x�i�s�t�e �u�n� �p�o�i�n�t �i�n�t�é�r�i�e�u�r� a = (a1, ..., ad), �i�l �e�x�i�s�t�e
�d�o�n�c �u�n� �r�é�e�l r > 0 �v�é�r�i�f�i�a�n�t : B∞(a, r) ⊂ Z ( �c'�e�s�t �l�a� �b�o�u�l�e �r�e�l�a�t�i�v�e �à� �l�a� �n�o�r�m�e

‖.‖∞ �p�o�u�r� �a�v�o�i�r� �c�e �q�u�i� �s�u�i�t ). E�n� �p�a�r�t�i�c�u�l�i�e�r�, �o�n� �a� :
d∏
i=1

]ai−r, ai+r[⊂ B∞(a, r).

7



O�n� �é�c�r�i�t f(x1, ..., xd) =

nd∑
i=0

Pi(x1, ..., xd−1)xid ( �o�ù� �c�h�a�q�u�e Pi �n�e �d�é�p�e�n�d� �p�a�� �d�e
xd ).
P�o�u�r� (b1, ..., bd−1) ∈

d−1∏
i=1

]ai− r, ai + r[, �l�a� �f�o�n�c�t�i�o�n� �p�o�l�y�n�o�m�i�a�l�e t 7→ f(b1, ..., bd−1, t)

�a�d�m�e�t �u�n�e �i�n�f�i�n�i�t�é �d�e �r�a�c�i�n�e�� ( �t�o�u�� �l�e�� �é�l�é�m�e�n�t�� �d�e ]ad − r, ad + r[ ), �d�o�n�c �e�l�l�e
�e�s�t �n�u�l�l�e, �c�e �q�u�i� �i�m�p�l�i�q�u�e �q�u�e,

∀i = 0, ..., nd , ∀(b1, ..., bd−1) ∈
d−1∏
i=1

]ai − r, ai + r[ , Pi(b1, ..., bd−1) = 0

E�n� �i�t�é�r�a�n�t �c�e �p�r�o�c�é�d�é, �o�n� �o�b�t�i�e�n�t �q�u�e f �e�s�t �n�u�l�l�e, �c�e �q�u�i� �e�s�t �c�o�n�t�r�e�d�i�t �l��h�y�p�o�t�h�è�s�e
�s�u�r� f .
M�a�i�n�t�e�n�a�n�t, �p�o�u�r� �j�u�s�t�i�f�i�e �l�a� �d�e�n�s�i�t�é �é�n�o�n�c�é�e, �o�n� �é�c�r�i�t

Adh(f−1(R \ {0}) = Adh(Rd \ Z) = Rd \ Int(Z) = Rd

P�a�r�t�i�e III : R�é�d�u�c�t�i�o�n� �s�i�m�u�l�t�a�n�é�e

13. • P�o�u�r� x ∈ E, �o�n� �d�é�f�i�n�i�t u(x) �c�o�m�m�e �é�t�a�n�t �l��u�n�i�q�u�e �a�n�t�é�c�é�d�a�n�t �d�e ω1(x, .) ∈ E∗

�p�a�r� �l��i�s�o�m�o�r�p�h�i�s�m�e ϕω , �a�u�t�r�e�m�e�n�t �d�i�t ∀x ∈ E , ω1(x, .) = ω(u(x), .) �d�o�n�c

∀x ∈ E , ∀y ∈ E , ω1(x, y) = ω(u(x), y)

• M�o�n�t�r�o�n�� �q�u�e u ∈ L(E). S�o�i�e�n�t (x1, x2, y) ∈ E3 �e�t α ∈ R, �o�n� �a� :

ω(u(αx1 + x2), y) = ω1(αx1 + x2, y)

= αω1(x1, y) + ω1(x2, y)

= αω(u(x1), y) + ω(u(x2), y)

= ω(αu(x1) + u(x2), y)

�c�e�c�i� �e�s�t �p�o�u�r� �t�o�u�t y ∈ E �d�o�n�c ω(u(αx1 + x2), .) = ω(αu(x1) + u(x2), .) �p�u�i��
u(αx1 + x2) = αu(x1) + u(x2) �p�a�r� �i�n�j�e�v�t�i�v�i�t�é �d�e ϕω.
• M�o�n�t�r�o�n�� �q�u�e u ∈ GL(E) :
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C�o�m�m�e �l�a� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e, �i�l �s�u�f�f�i�t �d�e �m�o�n�t�r�e�r� �l��i�n�j�e�c�t�i�v�i�t�é.
S�o�i�t x ∈ Ker(u). O�n� �a� : u(x) = 0 �d�o�n�c

ω1(0, .) = ω(u(0), .) = ω(0, .) = ω(u(x), .) = ω1(x, .)

P�a�r� �i�n�j�e�c�t�i�v�i�t�é �d�e ϕω1
, �o�n� �a� : x = 0.

• M�o�n�t�r�o�n�� �q�u�e u �e�s�t �u�n�i�q�u�e :
S�o�i�t v ∈ GL(E) �t�e�l �q�u�e : ∀x, y , ω(v(x), y) = ω1(x, y).
�o�n� �a� �d�o�n�c ∀x ∈ E , ω(u(x), .) = ω(v(x), .) �c�e �q�u�i� �d�o�n�n�e ∀x , u(x) = v(x)

�p�a�r� �i�n�j�e�c�t�i�v�i�t�é �d�e ϕω.
• M�o�n�t�r�o�n�� �q�u�e u ∈ S :

∀x, y ∈ E , ω(x, u(y)) = −ω(u(y), x)

= −ω1(y, x)

= ω1(x, y)

= ω(u(x), y)

�d�'�o�ù� u ∈ S.
14. (�a�) O�n� �a� u ∈ S , �d�o�n�c ∀(x, y) ∈ E2 , ω(x, u(y)) = ω(u(x), y).

M�a�t�r�i�c�i�e�l�l�e�m�e�n�t, ∀(X,Y ) ∈M4,1(R)2 , tXJ4UY =t (UX)J4Y =t XtUJ4Y . �d�'�o�ù� :

J4U =t UJ4

(�b) P�o�s�o�n�� U = (ai,j)1≤i,j≤4. O�n� �a� :

J4U =t UJ4 ⇐⇒


a1,3 = a3,1 = a4,2 = a2,4 = 0

a1,1 = a3,3 , a2,2 = a4,4 , a1,2 = a4,3 , a2,1 = a3,4

a3,2 = −a4,1 , a1,4 = −a2,3

O�n� �p�o�s�e : N =

 a1,1 a1,2

a2,1 a2,2

 , α = a2,3 , β = a4,1.

O�n� �a� �b�i�e�n� : U =

 N αJ2

βJ2
tN

.

(�c) O�n� �a� : T (X) = X2 − tr(N)X + det(N) + αβ.
O�n� �a� N2 − tr(N)N + det(N)I2 = O2 �e�t �o�n� �v�é�r�i�f�i�e �q�u�e J2N +t NJ2 = tr(N)J2
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�e�t NJ2 + J t2N = tr(N)J2. O�n� �e�n� �d�é�d�u�i�t �q�u�e :

U2 =

 N2 − αβI2 α(NJ2 + J t2N)

β(J2N +t NJ2) (tN)2 − αβI2


=

 tr(N)N − (det(N) + αβ)I2 αtr(N)J2

βtr(N)J2 tr(N)tN − (det(N) + αβ)I2



T (U) = U2 − tr(N)U + (det(N) + αβ)I4

= U2 − tr(N)

 N αJ2

βJ2
tN

+ (det(N) + αβ)

 I2 O2

O2 I2


= O4

15. L�e �p�o�l�y�n�ô�m�e �c�a�r�a�c�t�é�r�i�s�t�i�q�u�e χU �e�s�t �s�c�i�n�d�é �d�a�n�� C. P�a�r� �h�y�p�o�t�h�è�s�e, �s�e�� �r�a�c�i�n�e��
�s�o�n�t �t�o�u�t�e�� �d�a�n�� C \ R. E�n� �p�l�u��, �c�o�m�m�e χU �e�s�t �r�é�e�l�l�e �a�l�o�r��

λ ∈ sp(U) ⇐⇒ λ ∈ sp(U) �a�v�e�c λ �e�t λ �o�n�t �m�ê�m�e �o�r�d�r�e �d�e �m�u�l�t�i�p�l�i�c�i�t�é

D�e�u�x �c�a�� �s�o�n�t �p�o�s�s�i�b�l�e�� : �o�u� �b�i�e�n� �i�l �y �a� �q�u�a�t�r�e �r�a�c�i�n�e�� �s�i�m�p�l�e�� �o�u� �b�i�e�n� �i�l �y
�e�n� �a� �d�e�u�x �r�a�c�i�n�e�� �d�o�u�b�l�e�� .
• S�i� χU �a�d�m�e�t �q�u�a�t�r�e �r�a�c�i�n�e�� �s�i�m�p�l�e��, �l�a� �m�a�t�r�i�c�e U �s�e�r�a� �d�i�a�g�o�n�a�l�i�s�a�b�l�e �c�o�m�m�e
�o�n� �v�e�u�t �m�a�i�� �a�u�s�s�i� �s�o�n� �p�o�l�y�n�ô�m�e �m�i�n�i�m�a�l�e �s�e�r�a� πU = χU �c�e �q�u�i� �e�s�t �c�o�n�t�r�e�d�i�t
�l�e �f�a�i�t �q�u�e T (U) = O4.

• N�é�c�e�s�s�a�i�r�e�m�e�n�t, χU (X) = (X−λ)2(X−λ)2. P�u�i�s�q�u�e πU �d�i�v�i�s�e T , πU (λ) = πU (λ)

�e�t πU �e�s�t �u�n�i�t�a�i�r�e �a�l�o�r�� πU (X) = T (X) = (X−λ)(X−λ) �p�u�i�� U �e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e.
• O�n� �a� : dim(Eλ(U) = m(λ) = 2 �d�o�n�c �i�l �e�x�i�s�t�e �d�e�u�x �v�e�c�t�e�u�r�� Z �e�t Y �d�e C4

�l�i�n�é�a�i�r�e�m�e�n�t �i�n�d�é�p�e�n�d�a�n�t�� �t�e�l�� �q�u�e : UZ = λZ

UY = λY

16. P�o�s�o�n�� λ = a + ib �a�v�e�c (a, b) ∈ R × R∗ ( �c�a�r� λ 6∈ R ). P�a�r� �r�a�i�s�o�n� �d�e �d�i�m�e�n�s�i�o�n�,
�i�l �s�u�f�f�i�t �d�e �d�é�m�o�n�t�r�e�r� �q�u�e B̃ �e�s�t �l�i�b�r�e, �c�e �q�u�i� �r�e�v�i�e�n�t �à� �m�o�n�t�r�e�r� �q�u�e �l�a� �f�a�m�i�l�l�e
�d�e�� �r�e�p�r�é�s�e�n�t�a�t�i�o�n�� �m�a�t�r�i�c�i�e�l�l�e�� �d�a�n�� �l�a� �b�a�s�e B �e�s�t �l�i�b�r�e. S�o�i�t (α, β, γ, δ) ∈ R4 �t�e�l
�q�u�e :

αZ1 + βZ2 + γY1 − δY2 = 0 (∗)
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O�n� �a� :
UZ = λZ ⇐⇒

 UZ1 = aZ1 − bZ2

UZ2 = aZ2 + bZ1

UY = λY ⇐⇒

 UY1 = aY1 − bY2
UY2 = aY2 + bY1

E�n� �m�u�l�t�i�p�l�i�a�n�t (∗) �p�a�r� U , �o�n� �o�b�t�i�e�n�t :

a(αZ1 + βZ2 + γY1 − δY2) + b(βZ1 − αZ2 − γY2 − δY1) = 0

L'�é�g�a�l�i�t�é (∗) �e�t �l�e �f�a�i�t �q�u�e b 6= 0 �e�n�t�r�a�î�n�e�n�t

βZ1 − αZ2 − γY2 − δY1 = 0

�p�a�r� �s�u�i�t�e αZ1 + βZ2 + γY1 − δY2 − i(βZ1 − αZ2 − γY2 − δY1) = 0

�c�e �q�u�i� �d�o�n�n�e : (α− iβ)(Z1 + iZ2) + (γ + iδ)(Y1 + iY2) = 0 �p�u�i�� α− iβ = γ + iδ = 0

�c�a�r� �l�a� �f�a�m�i�l�l�e (Y,Z) �e�s�t �l�i�b�r�e, �d�'�o�ù� α = β = γ = δ = 0 �e�t �l�a� �f�a�m�i�l�l�e �é�n�o�n�c�é�e �e�s�t
�l�i�b�r�e.

17. D'�a�p�r�è�� �l�e�� �c�a�l�c�u�l�� �d�e �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e, �o�n� �a� :

u(z1) = az1 − bz2 , u(z2) = az2 + bz1 , u(y1) = ay1 − by2 , u(y2) = ay2 + by1

�d�o�n�c

0 = ω1(z1, z1) = ω(u(z1), z1) = ω(az1 − bz2, z1)

= aω(z1, z1)− bω(z2, z1) = bω(z1, z2)

�c�o�m�m�e b 6= 0 �a�l�o�r�� ω(z1, z2) = 0 ; D�e �m�ê�m�e ω(y1, y2) = 0.
D'�a�u�t�r�e �p�a�r�t

ω(u(z1), y1) = ω1(z1, y1) = −ω1(y1, z1) = −ω(u(y1), z1)

�d�o�n�c ω(az1 − bz2, y1) = −ω(ay1 − by2, z1) �p�u�i�� bω(z2, y1) = −bω(y2, z1),
�p�u�i�s�q�u�e b 6= 0 �a�l�o�r�� ω(z1, y2) = ω(z2, y1).
D�e �m�ê�m�e �f�a�ç�o�n� ω(u(z2), y1) = ω(z2, u(y1)) �e�n�t�r�a�î�n�e aω(z2, y1)+bω(z1, y1) = aω(z2, y1)−

bω(zy2, y2), �p�u�i�� ω(z1, y1) = ω(z2, y2) �c�a�r� b 6= 0.
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18. O�n� �a� ω(z1, y1)2 + ω(z1, y2)2 6= 0 �c�a�r� �s�i�n�o�n�, �o�n� �a�u�r�a� MatB̃(ω) = O4, �c�e �q�u�i� �e�s�t
�c�o�n�t�r�e�d�i�t �s�o�n� �i�n�v�e�r�s�i�b�i�l�i�t�é.
O�n� �p�o�s�e : ξ = −ω(z1,y1)+iω(z1,y2)

ω(z1,y1)2+ω(z1,y2)2
∈ C∗ �e�t Y ′ = ξY = Y ′1 + iY ′2 ( �e�n� �p�a�r�t�i�c�u�l�i�e�r� (Z, Y ′)

�e�s�t C−�l�i�b�r�e. O�n� �c�o�n�s�i�d�è�r�e (y′1, y
′
2) ∈ E2 �t�e�l �q�u�e :

MatB(y′1) = Y ′1 , MatB(y′2) = Y ′2

O�n� �v�é�r�i�f�i�e �c�o�m�m�e �p�r�é�c�é�d�e�m�m�e�n�t �q�u�e B̃′ = (z1, z2, y
′
1,−y′2) �e�s�t �u�n�e �b�a�s�e �d�e E �e�t

�q�u�e ω(z1, y
′
1) = −1 �e�t ω(z1, y

′
2) = 0.

B�i�e�n� �s�û�r�, �o�n� �a�u�r�a� �a�u�s�s�i� �l�e�� �r�e�l�a�t�i�o�n�� �d�e Q.17 ( �o�ù� y1 �e�t y2 �s�e�r�o�n�t �r�e�p�l�a�c�é��
�r�e�s�p�e�c�t�i�v�e�m�e�n�t �p�a�r� y′1 �e�t y′2 ).
Q�u�i�t�t�e �à� �r�e�m�p�l�a�c�e�r� Y �p�a�r� ξY �e�t B̃ �p�a�r� B̃′, �o�n� �p�e�u�t �s�u�p�p�o�s�e�r� �q�u�e ω(z1, y1) = −1

�e�t ω(z1, y2) = 0, �c�e �q�u�i� �e�n�t�r�a�î�n�e �q�u�e :

MatB̃(ω) = J4

19. O�n� �p�o�s�e r = |λ| =
√
a2 + b2 > 0 �e�t θ = − arccos(ar ) ∈]0, π[ �c�a�r� �s�i�n�o�n�, �o�n� �a�u�r�a�

b
r = − sin θ = 0 �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e ( λ 6∈ C ).
O�n� �a� :

u(z1) = az1 − bz2 = r(cos(θ)z1 + sin(θ)z2

u(z2) = bz1 + az2 = r(− sin(θ)z1 + cos(θ)z2

u(y1) = ay1 − by2 = r(cos(θ)y1 − sin(θ)(−y2)

u(−y2) = −by1 − ay2 = r(sin(θ)y1 + cos(θ)(−y2)

D'�o�ù�
MatB̃(ω) = r

 Rθ O2

O2 R−θ


M�a�i�n�t�e�n�a�n�t, �o�n� �p�o�s�e : M = MatB̃(ω1) �e�t N = MatB̃(u) = r

 Rθ O2

O2 R−θ

.

O�n� �a� M =t NJ4 ( �l��i�n�t�e�r�p�r�é�t�a�t�i�o�n� �m�a�t�r�i�c�i�e�l�l�e �d�e ∀x, y , ω1(x, y) = ω(u(x), y) ).

�d�o�n�c M = r

 Rθ O2

O2 R−θ

 O2 −I2
I2 O2

 = r

 O2 −Rθ
R−θ O2

 = r

 O2 −R−θ′

Rθ′ O2


�a�v�e�c θ′ = −θ.
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20. O�n� �a� : P (u) = 0L(E), �p�a�r� �l�e�m�m�e �d�e �n�o�y�a�u�x :

E = Ker(P (u)) =

r⊕
i=1

Ker(Pi(u)) =

r⊕
i=1

Fi

S�o�i�e�n�t j ∈ {1, ..., r} �e�t x ∈ Fj . O�n� �p�o�s�e : y = u(x). O�n� �a� :

Pj(u)(y) = Pj(u) ◦ u(x) = u ◦ Pj(u)(x) = u(0E) = 0E

�d�o�n�c y ∈ Fj , �c�e�c�i� �p�o�u�r� �t�o�u�t x ∈ Fj , �d�'�o�ù� Fj �e�s�t �s�t�a�b�l�e �p�a�r� u.
21. S�o�i�e�n�t (j, k) ∈ {1, ..., r}2 �t�e�l �q�u�e j 6= k, x ∈ Fk �e�t y ∈ Fj . O�n� �a� : Pj(u)(y) = 0.

C�o�m�m�e Pj ∧ Pk = 1, �a�l�o�r�� �i�l �e�x�i�s�t�e (A,B) ∈ R[X]2 , APk +BPj = 1. E�n� �u�t�i�l�i�s�a�n�t
�c�e�t�t�e �i�d�e�n�t�i�t�é, �l��a�p�p�a�r�t�e�n�a�n�c�e �d�e u �à� S �e�t �l�e �f�a�i�t �q�u�e �d�e�u�x �p�o�l�y�n�ô�m�e�� �d�'�u�n�
�e�n�d�o�m�o�r�p�h�i�s�m�e �c�o�m�m�u�t�e�n�t, �o�n� �a�u�r�a� :

ω(x, y) = ω(x, [A(u) ◦ Pk(u) +B(u) ◦ Pj(u)](y))

= ω(x,A(u) ◦ Pk(u)(y)) + ω(x,B(u) ◦ Pj(u)(y))

= ω(x, Pk(u) ◦A(u)(y))

= ω(Pk(u)(x), A(u)(y))

= ω(0E , A(u)(y))

= 0

�c�e�c�i� �p�o�u�r� �t�o�u�t y ∈ Fj , �d�o�n�c x ∈ Fωj .
M�o�n�t�r�o�n�� �q�u�e x ∈ Fω1

j . S�o�i�t y ∈ Fj . O�n� �a� u(y) ∈ Fj �c�a�r� Fj �s�t�a�b�l�e �p�a�r� u, �d�o�n�c

ω1(x, y) = ω(u(x), y) = ω(x, u(y)) = 0 �c�a�r� x ∈ Fωj , u(y) ∈ Fj

�c�e�c�i� �p�o�u�r� �t�o�u�t y ∈ Fj , �d�'�o�ù� x ∈ Fω1
j .

O�n� �e�n� �c�o�n�c�l�u�t Fk ⊂ Fωj �e�t Fk ⊂ Fω1
j .

22. S�o�i�t j ∈ {1, ..., r}. M�o�n�t�r�o�n�� �q�u�e : Fj ∩ Fωj = {0E}.
S�o�i�t x ∈ Fj ∩ Fωj . P�o�u�r� �t�o�u�t y ∈ Fj , ω(x, y) = 0 �c�a�r� x ∈ Fωj
�p�o�u�r� �t�o�u�t k 6= j �e�t �p�o�u�r� �t�o�u�t y ∈ Fk , ω(x, y) = 0 �c�a�r� x ∈ Fj ⊂ Fωk
�p�a�r� �s�u�i�t�e, �p�o�u�r� �t�o�u�t y ∈ E , ω(x, y) = 0 ( �d�'�a�p�r�è�� Q.20 ), �d�o�n�c ω(x, .) = 0 �p�u�i��
x = 0 �c�a�r� ω �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� E.
D'�o�ù� ω/Fj×Fj

�e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� Fj ( �d�'�a�p�r�è�� Q.7.b ).
D�e �m�ê�m�e, �o�n� �m�o�n�t�r�e �e�n� �u�t�i�l�i�s�a�n�t Q.21,Q.7.b �e�t Q.20 �q�u�e ω1/Fj×Fj

�e�s�t �s�y�m�p�l�e�c-
�t�i�q�u�e �s�u�r� Fj .
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23. P�a�r� �t�h�é�o�r�è�m�e �d�e C�a�y�l�e�y-H�a�m�i�l�t�o�n�, �l�e �p�o�l�y�n�ô�m�e �c�a�r�a�c�t�é�r�i�s�t�i�q�u�e �d�e χu �a�n�n�u�l�e
u. O�n� �s�a�i�t �q�u�e χu ��'�é�c�r�i�t �s�o�u�� �l�a� �f�o�r�m�e χu = P1...Pr �a�v�e�c P1, ..., Pr �s�o�n�t �d�e�u�x
�à� �d�e�u�x �p�r�e�m�i�e�r�� �e�n�t�r�e �e�u�x �d�a�n�� R[X], �e�n� �e�f�f�e�t, �c�h�a�q�u�e Pi �e�s�t �s�o�u�� �l��u�n�e �d�e��
�f�o�r�m�e�� �s�u�i�v�a�n�t�e�� :
• (X−λ)m(λ)(X−λ)m(λ) = (X2−2Re(λi)X+ |λi|2)m(λ) �o�ù� λ �e�s�t �u�n�e �v�a�l�e�u�r� �p�r�o�p�r�e
�n�o�n� �r�é�e�l�l�e �d�e u �e�t m(λ) = 1 �o�u� 2.
• (X − α)m(α) �o�ù� α �e�s�t �u�n�e �v�a�l�e�u�r� �p�r�o�p�r�e �r�é�e�l�l�e �d�e u �e�t m(α) = 1 �o�u� 2.
O�n� �c�o�n�s�e�r�v�e �l�e�� �n�o�t�a�t�i�o�n�� �p�r�é�c�é�d�e�n�t�e��. U�n� �s�o�u��-�e�s�p�a�c�e Fi �e�s�t �d�e �d�i�m�e�n�s�i�o�n� 2

�o�u� 4 ��'�i�l ��'�a�g�i�t �d�e �p�r�e�m�i�e�r� �t�y�p�e �o�u� �d�e �d�i�m�e�n�s�i�o�n� 1 �o�u� 2 ��'�i�l �e�s�t �s�o�u��-�e�s�p�a�c�e
�p�r�o�p�r�e �a�s�s�o�c�i�é �à� �u�n� �r�é�e�l ; P�o�u�r� �d�é�d�u�i�r�e �c�e �q�u�'�o�n� �c�h�e�r�c�h�e �e�n� �u�t�i�l�i�s�a�n�t �l�e�� �q�u�e��-
�t�i�o�n�� �p�r�é�c�é�d�e�n�t�e��, �i�l �s�u�f�f�i�t �d�e �v�é�r�i�f�i�e�r� �q�u�e �l�e �c�a�� �o�ù� dimFi = 1 �e�s�t �i�m�p�o�s�s�i�b�l�e,
�e�t �c'�e�s�t �v�r�a�i�m�e�n�t �l�e �c�a��, �c�a�r� �l�a� �q�u�e�s�t�i�o�n� Q.22 �p�e�r�m�e�t �d�e �d�i�r�e �q�u�e �l�a� �r�e�s�t�r�i�c�t�i�o�n�
�d�e ω �s�u�r� Fi ×Fi �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� Fi, �c�e �q�u�i� �e�n�t�r�a�î�n�e �q�u�e �l�a� �d�i�m�e�n�s�i�o�n� �d�e
Fi �e�s�t �p�a�i�r�e �d�o�n�c ∀i , dimFi = 2 �o�u� 4.
O�n� �e�n� �c�o�n�c�l�u�t �q�u�e E =

r⊕
i=1

Fi �a�v�e�c ∀i = 1, ..., r , dimFi = 2 �o�u� 4, �l�e�� Fi �s�o�n�t �d�e�u�x
�à� �d�e�u�x �o�r�t�h�o�g�o�n�a�u�x �p�a�r� ω �e�t ω1, �a�v�e�c �l�e�� �r�e�s�t�r�i�c�t�i�o�n�� �d�e ω/Fi×Fi

�e�t ω1/Fi×Fi

�s�o�n�t �s�y�m�p�l�e�c�t�i�q�u�e��.

P�a�r�t�i�e IV : S�t�r�u�c�t�u�r�e�� �c�o�m�p�l�e�x�e�� �d�o�m�p�t�é�e��
�s�i�m�u�l�t�a�n�é�m�e�n�t

24. C�o�m�m�e�n�ç�o�n�� �p�a�r� �d�é�m�o�n�t�r�e�r� �l��i�n�d�i�c�a�t�i�o�n� :

S�o�i�e�n�t θ ∈ R\πZ �e�t X =

 a

b

 �n�o�n� �n�u�l. O�n� �a� : tXRαX = (a2+b2) cos(α) , α ∈ R.

I�l �e�x�i�s�t�e ϕ ∈]− π
2 ,

π
2 [ �t�e�l �q�u�e cos(θ+ϕ) > 0, �c�a�r� �s�i�n�o�n�, �o�n� �a�u�r�a�, �p�a�r� �n�é�g�a�t�i�o�n� �e�t

�c�o�n�t�i�n�u�i�t�é �d�e �c�o�s�i�n�u�� :
∀ϕ ∈ [−π

2
,
π

2
] , cos(θ + ϕ) ≤ 0

�c�e �q�u�i� �i�m�p�l�i�q�u�e �q�u�e θ ∈ πZ ( �p�u�i�s�q�u�e �l�a� �f�o�n�c�t�i�o�n� �c�o�s�i�n�u�� �g�a�r�d�e �u�n� �s�i�g�n�e �c�o�n�s�t�a�n�t
�s�u�r� �u�n� �i�n�t�e�r�v�a�l�l�e �d�e �l�o�n�g�u�e�u�r� �m�a�x�i�m�a�l�e π �q�u�i� �e�s�t �a�t�t�e�i�n�t�e �l�o�r�s�q�u�e �l�e�� �e�x�t�r�é�m�i�t�é��
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�s�o�n�t �d�a�n�� πZ.
O�n� �a� �d�o�n�c �l��e�x�i�s�t�e�n�c�e �d�e ϕ ∈]− π

2 ,
π
2 [ �t�e�l �q�u�e cos(θ + ϕ) > 0, �d�o�n�c �i�l �v�é�r�i�f�i�e :

tXRϕX = (a2 + b2) cos(ϕ) > 0 , tXRθ+ϕX = (a2 + b2) cos(θ + ϕ) > 0

R�e�v�e�n�o�n�� �à� �l�a� �q�u�e�s�t�i�o�n� :
D'�a�p�r�è�� Q.23, �o�n� �a� E =

r⊕
i=1

Fi �a�v�e�c ∀i = 1, ..., r , dimFi = 2 �o�u� 4, �l�e�� Fi �s�o�n�t �d�e�u�x
�à� �d�e�u�x �o�r�t�h�o�g�o�n�a�u�x �p�a�r� ω �e�t ω1, �a�v�e�c �l�e�� �r�e�s�t�r�i�c�t�i�o�n�� �d�e ω/Fi×Fi

�e�t ω1/Fi×Fi

�s�o�n�t �s�y�m�p�l�e�c�t�i�q�u�e��.
S�o�i�t i ∈ {1, ..., r}. O�n� �p�o�s�e ωi = ω/Fi×Fi

�e�t ω1
i = ω1/Fi×Fi

.
S�i� dimFi = 4, �a�l�o�r��, �i�l �e�x�i�s�t�e �u�n�e �b�a�s�e Bi �d�e Fi �t�e�l�l�e �q�u�e :

MatBi(ωi) = J4 �e�t Ni := MatBi(ω
1
i ) = ri

 0 −R−θi
Rθi 0

 ( �d�'�a�p�r�è�� Q.19)

�a�v�e�c θi ∈ R \ πZ �e�t ri > 0. P�o�u�r� �c�e �r�é�e�l θi, �i�l �e�x�i�s�t�e ϕi ∈ R �t�e�l �q�u�e :

∀X ∈ R2 \ {0} , tXRϕiX > 0 , tXRθi+ϕiX > 0

O�n� �c�o�n�s�i�d�è�r�e Mi =

 0 Rϕi

−R−ϕi 0

. O�n� �v�é�r�i�f�i�e �f�a�c�i�l�e�m�e�n�t �q�u�e

M2
i = −I4 �e�t ∀X ∈ R4 \ {0} , tXJ4MiX > 0 , tXNiMiX > 0

S�i� dimFi = 2, �a�l�o�r�� A(Fi) = 1 (Q.3.c), �d�o�n�c �i�l �e�x�i�s�t�e a ∈ R , ωi = aω1
i .

C�e �r�é�e�l a �e�s�t �n�o�n� �n�u�l �c�a�r� ωi �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� Fi. O�n� �m�o�n�t�r�e �q�u�'�i�l �e�s�t
�s�t�r�i�c�t�e�m�e�n�t �p�o�s�i�t�i�f. S�i� a < 0, �o�n� �p�o�s�e : t = 1

1−a ∈]0, 1[ , ωt = (1− t)ω + tω1 ( �q�u�i�
�e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� E �p�a�r� �h�y�p�o�t�h�è�s�e ), �d�o�n�c �s�a� �r�e�s�t�r�i�c�t�i�o�n� �s�u�r� Fi×Fi �l��e�s�t
�a�u�s�s�i� ( �v�o�i�r� Q.8 ), �m�a�i�� ωt/Fi×Fi

= (1 − t)ωi + tω1
i = (1 − t + ta)ωi = 0, �c�e �q�u�i� �e�s�t

�a�b�s�u�r�d�e.
S�o�i�e�n�t Bi �u�n�e �b�a�s�e �d�e Fi �s�u�r� �l�a� �q�u�e�l�l�e �l�e�� �m�a�t�r�i�c�e �d�e ωi �e�t ω1

i �s�o�n�t �r�e�s�p�e�c�t�i�v�e�m�e�n�t
J2 �e�t Ni = aJ2 �e�t J ∈ L(Fi) �t�e�l �q�u�e Mi := MatBi(J) = −J2. O�n� �a� �b�i�e�n� :

M2
i = −I2 , ∀X ∈ R2 \ {0} , tXJ2MiX =t XX > 0 �e�t t

X(aJ2)MiX = atXX > 0

O�n� �d�é�m�o�n�t�r�é �q�u�e �p�o�u�r� �t�o�u�t i = 1, ..., r �i�l �e�x�i�s�t�e Mi ∈ Mdi(R) �o�ù� di = dim(Fi)

�v�é�r�i�f�i�a�n�t :

M2
i = −Idi , ∀X ∈ Rdi \ {0} , tXJdiMiX > 0 �e�t t

XNiMiX > 0
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P�o�s�o�n�� M = diag(M1, ...,Mr) �e�t B = B1 ∪ ... ∪ Br ( �b�a�s�e �d�e E �a�d�a�p�t�é�e �à� �l�a�
�d�é�c�o�m�p�o�s�i�t�i�o�n� E =

r⊕
i=1

Fi ), �e�t �c�o�n�s�i�d�é�r�o�n�� �l��e�n�d�o�m�o�r�p�h�i�s�m�e J ′ �d�e E �d�o�n�t �l�a�
�m�a�t�r�i�c�e �d�a�n�� B �e�s�t M . O�n� �v�é�r�i�f�i�e �m�a�t�r�i�c�i�e�l�l�e�m�e�n�t �q�u�e J ′2 = −IdE �e�t �q�u�e

∀x ∈ E \ {0} , ω(x, J ′(x)) > 0 , ω1(x, J ′(x)) > 0

25. P�o�u�r� �u�n�e �m�a�t�r�i�c�e M = (mi,j)1≤i,j≤n ∈Mn(R), �d�e �p�o�l�y�n�ô�m�e �c�a�r�a�c�t�é�r�i�s�t�i�q�u�e

P = χM (X) = Xn +

n−1∑
k=0

akX
k, �o�n� �s�a�i�t �q�u�e �c�h�a�q�u�e �c�oe�f�f�i�c�i�e�n�t ak ��'�o�b�t�i�e�n�t �c�o�m�m�e

�s�o�m�m�e �d�e�� �p�r�o�d�u�i�t �d�e�� mi,j .
P�u�i�s�q�u�e P ′ = nXn−1 +

n−1∑
k=1

kakX
k−1 , P ′′ = n(n − 1)Xn−2 +

n−1∑
k=2

k(k − 1)akX
k−2,

�a�l�o�r�� :

r(P ′) = det(LP ′,P ′′)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n 0 · · · 0 n(n− 1) 0 · · · 0

(n− 1)an−1 n
. . . ... (n− 1)(n− 2)an−1 n(n− 1)

. . . ...
... (n− 1)an−1

. . . 0
... . . . . . . 0

2a2
... . . . n 2a2

. . . n(n− 1)

a1 (n− 1)an−1 0
. . . ... ...

0
. . . ... ... . . . ...

... . . . a1 2a2
... . . . ...

0 · · · 0 a1 0 · · · 0 2a2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= f [(mi,j)1≤i,j≤n]

�o�ù� f �e�s�t �p�o�l�y�n�o�m�i�a�l�e �à� n2 �v�a�r�i�a�b�l�e��, �n�o�n� �n�u�l�l�e ( �c�a�r� f [diag(1, 2, ..., n)] 6= 0 ).
O�n� �p�o�s�e :

Σ = {M ∈ GLn(R) , JnM =t MJn} , Γ = {M ∈ Σ | ∃λ ∈ C , (X−λ)3 �d�i�v�i�s�e χM}

D'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� Q.12, �l��e�n�s�e�m�b�l�e Γ �e�s�t �d�'�i�n�t�é�r�i�e�u�r� �v�i�d�e, �c�e �q�u�i� �e�n�t�r�a�î�n�e �l�a�
�d�e�n�s�i�t�é �d�e �s�o�n� �c�o�m�p�l�è�m�e�n�t�a�i�r�e

Σ′ = {M ∈ Σ | χM �e�s�t �à� �r�a�c�i�n�e�� �a�u� �p�l�u�� �d�o�u�b�l�e�� �d�a�n�� C}

�d�a�n�� Σ. D'�o�ù� �l�e �r�é�s�u�l�t�a�t �c�h�e�r�c�h�é.
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26. • M�o�n�t�r�o�n�� �q�u�e (F1) =⇒ (F2) :
S�o�i�t J ∈ L(E) �t�e�l �q�u�e : J2 = −IdE �e�t ∀x ∈ E\{0} , ω(x, J(x)) > 0 �e�t ω1(x, J(x)) > 0.
S�o�i�t θ ∈]0, 1[. O�n� �p�o�s�e ω2 = (1− θ)ω+ θω1. O�n� �a� �b�i�e�n� ω2 �e�s�t �b�i�l�i�n�é�a�i�r�e �e�t �a�n�t�i�s�y-
�m�é�t�r�i�q�u�e, �o�n� �v�é�r�i�f�i�e �q�u�'�e�l�l�e �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e.
S�o�i�e�n�t x ∈ E \ {0} �e�t y = J(x). O�n� �a� :

ω2(x, y) = (1− θ)ω(x, y) + θω1(x, y) > 0

�d�o�n�c ∀x ∈ E \ {0} , ω2(x, .) 6= 0E∗ , �d�'�o�ù� ϕω2 �e�s�t �u�n� �i�s�o�m�o�r�p�h�i�s�m�e �d�e E �v�e�r�� E∗,
�p�a�r� �s�u�i�t�e ω2 �e�s�t �s�y�m�p�l�e�c�t�i�q�u�e �s�u�r� E.
• M�o�n�t�r�o�n�� �q�u�e (F2) =⇒ (F1) :
S�o�i�t u �l��e�n�d�o�m�o�r�p�h�i�s�m�e �d�é�f�i�n�i� �e�n� Q.13. P�a�r� �d�e�n�s�i�t�é, �i�l �e�x�i�s�t�e (uk)k∈N �u�n�e �s�u�i�t�e
�d�'�é�l�é�m�e�n�t�� �d�e S �v�é�r�i�f�i�a�n�t :

∀k ∈ N , χuk
�e�s�t �à� �r�a�c�i�n�e�� �a�u� �p�l�u�� �d�o�u�b�l�e�� �d�a�n�� C

P�o�u�r� �c�h�a�q�u�e k ∈ N, �o�n� �p�o�s�e ω1,k(x, y) = ω(uk(x), y). P�a�r� Q.24, �i�l �e�x�i�s�t�e J1,k ∈ L(E),
�v�é�r�i�f�i�a�n�t :

J2
1,k = −IdE , ∀x ∈ E \ {0} , ω(x, J1,k(x)) > 0 �e�t ω1,k(x, J1,k(x)) > 0

L�a� �s�u�i�t�e (J1,k)k �e�s�t �b�i�e�n� �b�o�r�n�é�e �d�o�n�c �e�l�l�e �a�d�m�e�t �u�n�e �s�u�i�t�e �e�x�t�r�a�i�t�e (J1,kp)p �q�u�i�
�c�o�n�v�e�r�g�e �v�e�r�� J ∈ L(E).
O�n� �a� : J2 = lim

p→+∞
J2
1,kp = −IdE ( �p�a�r� �c�o�n�t�i�n�u�i�t�é �d�e M 7→M2 : �c�o�m�p�o�s�a�n�t�e��

�p�o�l�y�n�o�m�i�a�l�e�� ).
S�o�i�t x ∈ E �n�o�n� �n�u�l. P�a�r� �c�o�n�t�i�n�u�i�t�é �d�e ω(x, .) ( �l�i�n�é�a�i�r�e , dim(E) < +∞ ), �o�n� �a� :

ω(x, J(x)) = lim
p→+∞

ω(x, J1,kp(x)) ≥ 0

S�i� ω(x, J(x)) = 0, �o�n� �v�é�r�i�f�i�e �f�a�c�i�l�e�m�e�n�t �q�u�e (x, J(x)) �e�s�t �l�i�b�r�e, �p�u�i�� �o�n� �t�r�o�u�v�e �q�u�e
�l�a� �r�e�s�t�r�i�c�t�i�o�n� �d�e ω �s�u�r� �l�e �s�o�u�� �e�s�p�a�c�e vect(x, J(x)) �e�s�t �n�u�l�l�e, �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e.
D'�o�ù� ω(x, J(x)) > 0.
E�n� �u�t�i�l�i�s�a�n�t �l��é�g�a�l�i�t�é ω1,kp(x, J1,kp(x)) = ω(ukp(x), J1,kp(x)) �e�t �l�a� �c�o�n�t�i�n�u�i�t�é �d�e �l�a�
�f�o�r�m�e �b�i�l�i�n�é�a�i�r�e ω, �o�n� �o�b�t�i�e�n�t �p�a�r� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �l�o�r�s�q�u�e p → +∞, �q�u�e
ω1(x, J(x)) = ω(u(x), J(x)) ≥ 0, �p�u�i�� �q�u�e �c�e �r�é�e�l �e�s�t �n�o�n� �n�u�l �c�a�r� ω1 �e�s�t �s�y�m�p�l�e�c-
�t�i�q�u�e �e�t (x, J(x)) �e�s�t �l�i�b�r�e. C�e�c�i� �p�o�u�r� �t�o�u�t x ∈ E �n�o�n� �n�u�l , �d�'�o�ù� �l�a� �p�r�o�p�r�i�é�t�é F1.
• O�n� �e�n� �c�o�n�c�l�u�t �q�u�e �d�e�u�x �p�r�o�p�r�i�é�t�é�� (F1) �e�t (F2) �s�o�n�t �é�q�u�i�v�a�l�e�n�t�e��.
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P�o�u�r� �v�o�� �r�e�m�a�r�q�u�e�� , �m�e�r�c�i� �d�e �m�e �c�o�n�t�a�c�t�e�r� �s�u�r�
�t�a�o�u�f�i�k�i�−�m�a�t�h��@�h�o�t�m�a�i�l.�f�r
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